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Abstract 

The non-singlet and singlet evolution kernels of the twist-2 light-ray operators for un- 
polarized and polarized deep inelastic scattering are calculated in 0{as) for the general 
case of virtualities q'^,q''^ ^ 0. Special cases as the kernels for the general single-variable 
evolution equation and the Altarelli-Parisi and Brodsky-Lepage limits are derived from 
these results. 



1 Introduction 



The study of the Compton amphtude for scattering a virtual photon off a hadron is one of the 
basic tools in QCD to understand the short-distance behavior of the theory. The Compton 
amplitude for the general case of non-forward scattering is given by 

T^,(p+,p„,Q) =2 /■ dW''^(p2|T(J^(a;/2)J.(-x/2))|pi), (1) 



where p+ = p2 + Pi,P- = P2 - Pi = Qi - <l2-,Q = (qi + q'2)/2,pi + qi = P2 + q2- The kinematics 
of the basic process is depicted schematically in figure 1. 

qi q2 




Pi P2 

Figure 1: Kinematic notation for the Compton amplitude 

The time-ordered product in eq. (|1|) can be represented in terms of the operator product expan- 
sion. Here we use the representation derived in ref. H, 

r+ca r+ca p 

T{Jf^{x/2)J^{—x/2)) ^ / dK_ cLk^ Ca{x'^ , fJ,'^)Sf^iy'''^XpO'^{K^X, K_X, fi^) 



oo J — oo 



+ Ca,5{x^, K+, fI^)e^/''XpOl^{K,+X, K-X, /i^) (2) 

with Sp^p^ = gpugpa-gfipQua-gfiagup and e^^p^ denoting the Levi-Civita symbol. The light-like 
vector 



X = X + r{x.r/r.r) 



-y/l — x.xr.r / {x.ry 



(3) 



is related to x and a subsidiary four-vector r. Ca(5) denote the respective coefficient functions. 
Unlike the local operator product expansion 0, which is mainly used in the case of forward 
scattering, the representation eq. (|^) allows to derive the anomalous dimensions and coefficient 
functions also for the non-forward case for general values of the virtuality gj- 

In this paper we present the results of a calculation of the non-singlet and singlet twist 2 ^ 
anomalous dimensions for this general case both for unpolarized and polarized scattering. Details 
of the calculation will be published elsewhere 0. We derive general evolution equations both 
for the operators and matrix elements in the non-forward case. Furthermore we derive a series 
of special cases discussed in the literature previously and compare the results. 



2 The Evolution Kernels 

We consider the flavor non-singlet and singlet operators in the axial gauge XpA^ = 



ija{l^lX)XfJpX^'lpa{'^2x) - iJa{K2x) Xf-fpX^tpa{l^lX] 



(4) 



^The notion of twist is not quite unambiguous in this context. It is rather used to label the type of operators 
being considered, for which in the limit p2 — > pi the notion applies [Q. 



2 



0'(«1,«2) 
0I,{Ki,K2) 



ljja{Kix)-f^x'^'ljja{K2x) - 1pa{K'2x)-f^iX'^1pa{Klx) 
'ipa{'ilX)'y5'ynX''^a{n2x) + V'a(/«25)757/x^''V'a(/«l^, 



I fe^F,/(«;ix)x'^'FV.(«2£) - x''F%,{k2x)x^'F%>''(kix) 



(5) 

(6) 

(7) 
(8) 
(9) 



where ipa denotes the quark field- and the gluon field strength operators, respectively. The 
dual operator to F^^^ is 

1 



K,2 — + H—1 



(10) 

(11) 



and A/ is a generator of the flavor group SU {Nf), Nf being the number of active quark flavors. 

The renormalization group equation implies the following evolution equations for these op- 
erators : 



d ( 0'i{Ki,K2) \ 



2n 



£ dai £ da29{l - ai - a2)K^^{ai, asjOg^^, 4), (12) 



— / dai / da20(l — ai — a2)K(ai,a2) 

ZTT Jo Jo 



0^{k'„k'2) 



(13) 



with as = gl/i^i-n) the strong coupling constant, ii the renormalization scale, and n'^ = k.i{1 — 
CKi) + K,2a-i, K2 — K2{1 — a2) + K,ia2- K denotes the matrix of the singlet evolution kernels in the 
unpolarized case. The singlet evolution equations for the polarized case are obtained replacing 
(99,^ QQ^G As far as relations are concerned which are valid both for the 

unpolarized and polarized case under this replacement, we will, for brevity, only give that for 
the unpolarized case in the following. The matrices of the singlet kernels are 



K11 

KG, kGG 



and AK 



(14) 



respectively. The non^inglet kernels obey K^^ = AK^^ = K"" = AK'^". 
In the unpolarized case the kernels are given by 



K'i''{ai,a2) 

Ki^{ai,a2) 
K^''{ai,a2) 
K^^{ai,a2) 



Cf{1- S{ai) - d{a2) + S{ai) 



(y.2 



+ 5(^2) 



-(5(q;i)(5(q;2) 



—2N fTjiK- {1 — ai — a2-\- 4q;iq;2} 

-Cf ^—{5{ai)5{a2) + 2} 

— IS 

Ca {4(1 - ai - a2) + 12aia2 



+ 6{ai 





■ 1 - 




.OL2. 



-2 + ^2 +5(02) 



q;i 



-2 + ai 



+ 



(15) 

(16) 
(17) 
(18) 

y(5(ai)(5(a2). 
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in 0{as) where Cp = {N^ - l)/2N, = A/3,Tr = 1/2, Ca = N, = 3, (3o = {HCa - 4T^iVy)/3. 
The +-prescription is defined as 

1 rl 

dx[f{x,y)]_^^{x) = dxf{x,y)['^{x)-<^{y)], (19) 
^ Jo 

where the singularity of / is of the type ~ l/{x — y). 
The kernels for the polarized case are 

Ai^'?'?(«i,«2) = i^'"^(«i,«2) (20) 
AK'^^{ai,a2) = -2NfTnK^ {1 - ai - (21) 

Air^^(«i,«2) = -Cf ^—{5iai)Sia2)-2} (22) 

K_ — te 

AK^^{ai,a2) = K^^{ai,a2) - l2CAaia2 . (23) 

Whereas the kernels for the polarized case are derived for the first time, those for the unpolarized 
case were found several years ago already in refs. P, 0. The kernels K^^ and AK^^ determine 
the respective evolutions of the operators and 0^1^ in 0{as). 

The evolution equations may also be written for the corresponding expectation values 
{P2\0l^^\pi) to which two-variable quark and gluon partition functions are associated by 

hoo f+oo 



{ixp+) 

{Pi\0''\P2) ^ ^-i.+ip r+oo ,+00 



(ixp+)^ 

The evolution equations for the partition functions read 



/ + OO n + 00 . - s 

dz+ d2„e^*"-("P+"++"P-"-)F,(2_,;z+) (24) 
-00 J —00 

/+00 /•+00 
dz+ dz_e-'^-^''P+'++''P-'-^FGiz_,z+) . (25) 
-00 J —00 



-^F^S(z+,..) = ^ rp±f''^dz'_K^Har,a2)F^Hz'^,z'_ 



dpt^' 

^dirAF^{z^,z_) - ^^rloo k^Ioo 



(26) 



(27) 



where F^^{z+, zJ) = F'^*{z+, zJ) — F'^i{zj^, zJ), and 



K'^{ai, a2) = 1 dzlO'^{z+, zl)9{l - a')9{a'^)9{a' + a'_)9{a'^ - a'_)K'^{a[, a'^) , (28) 



2 Jo 

with _ ]^qq ^/^ _ ^^(^^ ^ 



and 



«i = ^ "2 = ^ , (29) 

a+ = 1 - — a_ = ^, 30) 
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3 Special Cases 



The evolution kernels given above cover a series of limiting cases which were studied before. 
These are characterized by special kinematic conditions for the matrix elements, as in the case of 
forward scattering (p2| — * = (p| or the transition from the vacuum state (0| to a hadron state 
These conditions lead to a constraint between the variables z+ and which is defined by a 
variable t — x{z+i zJ) and implies related evolution equations for partition functions depending 
on the variable t. These partition functions are related to the expectation values of the operators 
g« and by 



{pi\0^{-K^X,K^x)\p2) 



{ixp+) 

{pi\0'^{-K-X, K-X)\p2) 



(ixp+y 



oo 

Xp- =TXp+ 



Xp- =TXp+ 



/-l-oo 
dte-'^-''P+^Fq{t) (32) 
-oo 

/ + 00 
dte-'^-''P+' tFcit) . (33) 
-oo 



Here r = xp^/xpj^ is a general parameter which distinguishes the cases discussed below. 
The evolution equations are : 

^^'^,F^^t) = ^ f_yt'V^I{t,t\r)F^^t') (34) 

with = - F^J and V^^ = The corresponding extended kernel V{t,t',T) = 

{V''^{t,t',T)) reads 

rl rl—ai . \ r+oo 

VeLii,^',^) = dai da2K'^{ai,a2)— / d{p+XK-) 

Jo Jo ZTT J-oo 

X [ip+x(«;_ — ie)\°'^^ — - exp \t — {1 — ait' — a2) + t(q;i — Oi2)\} (36) 

with aij — ttj — Qi, aa — i, ttq — 0. It obeys the scaling relation 

V:L{t,t/,r) = -V:L(-,-,l] . (37) 
For convenience we write the general expressions for the evolution kernels in the variables 

.^(l + i). .4(1 + 9. (38) 

They are given by : 

VeVt{t,t',T) = l{V'^''{x,y)pix,y) + V'"'ix,y)p{x,y)}- (39) 



Veft{t,t',r) = l[\^){V''''{x,y)p{x,y)-V'^^{x,y)p{x,y)}^ (40) 
Veft{t,t',r) = i(^-^){\/«^(x,y)p(x,y)-F^^(x,y)p(x,y)}i (41) 
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with 



and 



ext V5 1 1 


- \ 


f2i/- 
\ix - 


W 
IJ 


\v'^^(x,v)p(x,v) + V^'^(x,v)p(x,v)\ - 


(42) 






r) 


{AV''''{x,y)p{x,y) - AV'^''(x,y)pix,y)} ^ 


(43) 




= 2 


(^- 


-) 


(44) 




= \ 






{AV'"^{x,y)p{x,y) - AV^\x,y)p{x,y)} ^ 


(45) 




= \ 


\2x- 




{AV^^{x,y)p{x,y) + AV^^ix, y)p{x,y)} ^ 


(46) 



pix,y) 



X 



V'^'^ix^y 
r^^(x,y 
V''''{x,y 

V^^^(x,i/ 

AV'^''{x,y 
AV'i^{x,y 

AV^^ix^y 
AV^^{x,y 



Cf -- 

y 

-2NfTR 
Cf 



1 sign(y) 



1 3^, ; 



4(1 -x) + 



2x 



y'^ — 



+ 1 



y 



V^'^ix.y) 



X 



y 

V^^x^y) 
-2NfTR 



3-2x + 



1 — X 



+ 



{y-x). 



y"^ — x^ 

y 

y2 



+ Y^i^-y) 



X 



Cf 
Ca 



X 



y 

' x^ 1 
2— + — 

2/2 (?/-x)_ 



Av''\x,y) = CF 
y-x 



y'^ — x^ 



+ ^^{x-y) 



(47) 

(48) 
(49) 
(50) 

(51) 

(52) 
(53) 

(54) 
(55) 



Note that the kernels given in eqs 
V^^i{t, t', t) was aheady derived in refs. 



apply to the full range of variables. The function 
For the unpolarized case the kernels (|3|-|2D were 
also calculated in ref. recently, using a different notation. There separate expressions for 
different ranges of variables are given. For r = 1, corresponding to C = 1 in 0, the kernels of 
P for < X, y < 1 agree with the result obtained above up to obvious misprints. Let us specify 
now the parameter r to derive a series of different evolution kernels discussed in the literature. 



3.1 t' = 1 



In this case, which has been dealt with in ref. recently, the evolution kernels depend on 
one variable unlike the case discussed in the previous section. Furthermore the parameter r 
introduced above equals to —^/2 in the notation of ref. [|1^, and the value of the final state 
virtuality is chosen as g| = 0. Whereas we obtain the corresponding evolution kernels as a special 
limit from the general two-variable kernels eqs. (p!5|-p!8|, pO|-p3|), these kernels were evaluated in 
10| only in a restricted range of variables. We agree with the results given in [jlO| for t > ^/2, 
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eqs. (22, 30).^ These equations, generalizing them even for t' ^ 1, readQ 



^ ^t^ + it' - tf - ei^ , 



_ e/4)2 



- t(3t'' - eV4) - (f + - tf + - t) 



/3o 



if' - eV4)2 



2C. - 



t(t'2 - ^74) 

t'\ 1 



-t(3t" - ^74) - 2t'{t' - tf + - t) . 



(56) 
(57) 
(58) 



(59) 
(60) 

(61) 
(62) 



(63) 



3.2 The Brodsky— Lepage Limit 

For r = ±1 the equations (p9|-|46|) transform into the hmit (p2| (0|, which is known 

as the Brodsky-Lepage [T^ and Efremov-Radyushkin case.0 This hmit may be performed 
formally leaving pi — > 0, leading to correct results, cf. [Q. The corresponding evolution equations 
are obtained using as variables x and y, eq. (pS]), in (|3^j35|) . 



3.3 The AltarelU-Parisi Limit 

We consider the case of forward scattering p2 = Pi = P- The corresponding evolution kernels 
can be obtained after some calculation from eqs. (p9 H46|) in the limit r ^ or, alternatively, 
by a direct calculation in the forward scattering case using the kernels eqs. (^^-|23|), which is 
performed in the following. 

The quark and gluon distributions are related to the operator expectation values by 



ZTT 



d{2pi:K_){p\0''\p){K_,fx)- 



2ipx 



(64) 



deviating result was reported in ref. recently studying the unpolarized case. However, as the kinematic 
quantities used are not specified in detail, a comparison is not possible. Note also typographical errors in the 
color factors. 

^In ref. the variable t was denoted by x, having a different meaning in our notation. Therefore we use t 
instead in eqs. 

^Several independent calculations of the evolution kernels for the meson wave functions were performed in 
refs. ill. 
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1 r+oo 



2tt 



d{2pxK^){p\0'^\p){K^,n) 



(65) 



The respective polarized parton densities are obtained by replacing f'^''^{z) by A/'''^(z) and O''''^ 
by Of'^ . The evolution equation for the operators , eqs. can be rewritten in this 

limit by 



27r 7-00 l^'l UV V 



(66) 
(67) 



The splitting functions P"-^ {z){AP'-^ (z)) are related to the kernels K"-^ {ai, a2){AK'^^ {ai, 02)) by 
p'i{z) = P'^{z)eiz)9{l^ z) 



P'Hz) 



with tti = ^(1 — m), 0:2 = (1 — 0(1 ~ s-^d 



if 



(k_ - ie)/s:^« ir^^ 



dud'^{u,z) / c/^l -M)ir*^(ai, 02)^(1 -m)^(m), 



5(z — u) dz6{z — u) 
—6{z — u)/z 5{z — u)/z 



(6J 



d'^{u,z) 



■ (69) 



P'^^ {z){AP^^ (z)) are the well-known Altarelli-Parisi splitting functions [15| for unpolarized and 
polarized deep-inelastic scattering 



P'^^iz 
P^\z 

P^^{z 

AP'^^iz 
AP^\z 

AP^^iz 



1 + z' 



2NfTn [z^ + (1 - zf 
Up 

P'i^z) 

2NfTn [z" - (1 - zf 
l-{l-zf 



z 

1 1 



z {l-z)^ 



2 + z{l~z) 



+ ^Hl-z), 



C 



2Ca 



l-2z 



(1-^) + 

In deriving eq. ( |68D it is useful to apply the relations 

I r+oo 

e{x)=\im— d^^r—^ 

£^0+ Zn J-00 



+ 1^(1-4 



(70) 
(71) 
(72) 

(73) 

(74) 
(75) 

(76) 
(77) 



1 

2^ 



dC (^0'e^"«, 



(75 



which are valid for tempered distributions fTql . 
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4 Conclusions 



The evolution kernels for the twist 2 light-ray operators both for the case of unpolarized and 
polarized deep inelastic non-forward scattering were derived for the flavor non-singlet and singlet 
cases. In general the partition functions depend on two distribution variables. One may study 
as well specialized evolution equations in one distribution variable implying external constraints, 
covering the case of evolution equations for non-forward parton densities. In this way, among 
various others, also the well-known evolution equations as the Brodsky-Lepage or Altarelli- 
Parisi equations can be obtained. 
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and D. Miiller for discussions on the present topic. 
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